In this paper, we prove that anétale hypercohomology of the henselization R of a local ring of a semistable family over a discrete valuation of mixed characteristic (0, p) with values in p-adicétale twists and a logarithmic Hodge-Witt cohomology of the residue field of R are isomorphic. As one of applications, we prove localglobal principles for Galois cohomology groups over function fields of curves over a mixed characteristic excellent henselian discrete valuation ring. X,r
Introduction
Let k be a field, X a normal crossing variety over k, i.e. a pure-dimensional scheme of finite type over Spec(k) which is everywhereétale locally isomorphic to Spec(k[T 0 , · · · , T d ]/(T 0 T 1 · · · T r )) for some integer r with 0 ≤ r ≤ d = dim X (cf. [15, p.707] ).
Let us denotes the set of points on X of codimension i by X i . Then we have three kind ofétale sheaves W r ω n X,log In this paper, we prove the following relation between a logarithmic Hodge-Witt cohomology of a henselian local ring A and that of the residue field of A : THEOREM 1.1. (Theorem 2.5) Let X be a normal crossing variety over a field of characteristic p > 0, A the henselization of a local ring O X,x and k the residue field of A. Let n be a non negative integer and r a positive integer. Then the homomorphism
is an isomorphism.
In the case where X is a smooth variety over a field of characteristic p > 0, Theorem 1.1 is [14, Theorem 5.3] and Theorem 1.1 is proved by using [14, Theorem 5.3 ]. If we replace λ n A,r with ν n A,r in the homomorphism (1), the homomorphism (1) is not an isomorphism unless A is smooth over a field of positive characteristic. See Remark 2.6.
Let B be a discrete valuation ring of mixed characteristic (0, p) with the quotient field K.
Let X be a semistable family over Spec(B), i.e. a regular scheme of pure dimension which is flat of finite type over Spec(B), X ⊗ B K is smooth over Spec(K), and the special fiber of X is a reduced divisor with normal crossings on X. Then we prove the following as an application of Theorem 1. Then, using Hu's method ([7, The proof of Theorem 2.5]), we are able to prove the following local-global principle as an application of Theorem 1.2: THEOREM 1.3. (Theorem 4.9) Let X be a proper and semistable family over a henselian discrete valuation ring of mixed characteristic (0, p). Suppose that dim(X) = 2. Then the local-global map
is injective for n ≥ 1 and l = p r . HereÕ X,p is the henselization of a local ring O X,p and k(X) (resp. k(Õ X,p )) is the ring of rational functions on X (resp. Spec(Õ X,p )). 
Notations
For a scheme X, X i denotes the set of points on X of codimension i. Moreover, k(X) denotes the ring of rational functions on X and κ(x) denotes the residue field of x ∈ X. If X = Spec(A) for a ring A, k(A) denotes k(Spec(A)). For a scheme X, X Zar and Xé t denote the category ofétale schemes over X equipped with the Zariski andétale topology, respectively.
Logarithmic Hodge-Witt sheaves
In this section, we study the logarithmic Hodge-Witt sheaves ν n X,r and λ n X,r ([15]) for a normal crossing variety X.
ν n X,r
Let X be a normal crossing variety over a field of characteristic p > 0. Let n be a non negative integer and r a positive integer. We show a relation between ν n X,r := Ker ∂ : Assume that the equation (2) holds in the case where # Spec(A) 0 ≤ r. Let
be the irreducible components of Spec(A). Then elements of the set (3) and
are smooth varieties by the definition of normal crossing variety. Let
Then we have H i Zar (B, Z(n)) = 0 for i ≥ n + 1 by the inductive hypothesis. Since the homomorphism
is surjective by the localization theorem ([3, p.780, Corollary 3.3]) and we have
is also surjective. For i ≥ n + 1, we have
by the inductive hypothesis and the localization theorem. Hence we have
for i ≥ n + 1. By using the localization theorem, the equation (2) follows from the equation (5) and the surjectivity of the homomorphism (4). This completes the proof. PROPOSITION 2.2. Let X be a normal crossing variety over a field.
1. If i : Z → X is a closed subscheme of codimension c, then the canonical map
2. Let ε : Xé t → X Zar be the change of site map. Then the canonical map induces a quasi-isomomorphism
Proof. The statement is followed by the same argument as in the proof of [ 
is the derived category of bounded complexes of Zariski Z/p r Z -sheaves on X.
Proof. It suffices to show the statement in the case where X is the spectrum of a local ring of a normal crossing variety. We prove the statement by induction on dim X. In the case where dim X = 0, the statement follows from [4, p.491, Theorem 8.3] .
Assume that the statement holds in the case where dim X ≤ m. Suppose that dim X = m + 1. Let i : Y → X be a closed immersion of codimension 1, Y regular and U the complement of Y . Let Y be the spectrum of a regular local ring A ′ . Then A ′ is a local ring of a regular ring of finite type over a field. By Quillen's method (cf. [12, §7, The proof of Theorem 5.11]),
where A ′ i is a local ring of a smooth algebra over F p and the maps Proof. By Proposition 2.3, it suffices to show that the homomorphism
is injective. Let Y → Spec(A) be a closed subscheme of codimension 1, Y regular and U = X \ Y . Then the homomorphism H n Zar (U, Z/p r (n)) → H n−1
is surjective by the localization theorem ([1, p.277, Theorem (3.1)]) and Proposition 2.1. Hence the homomorphism
is injective. Let Z = Spec(A ′ ). Then A ′ is expressed in the form (6 
is injective by [11, p.88, III, Proposition 1.13]. Here U 0 is the set of closed points on U. Therefore the homomorphism H n+1
is injective by (8) 
Proof. Let C be a finitely generated k-algebra. Then there exists a surjective k-algebra homomorphism k[T 1 , · · · , T N ] → C for some integer N. Hence A is embedded into an equi-characteristic henselian regular local ring B. Let i : Spec(A) → Spec(B) be the closed immersion. Then the natural pull-back map
is surjective. Moreover the homomorphism (11) induces the pull-back map (15) is an isomorphism by [14, Theorem 5.3] . Therefore the homomorphism (13) is an isomorphism and the homomorphism (14) is also an isomorphism. This completes the proof. REMARK 2.6. If we replaces λ n A,r with ν n A,r in the homomorphism (10), the homomorphism (10) is not an isomorphism in general. In fact, Let B be a discrete valuation ring of mixed characteristic (0, p) with the quotient field K.
Let X be a semistable family over Spec(B), i.e. a regular scheme of pure dimension which is flat of finite type over Spec(B), X K = X ⊗ K is smooth over Spec(K), and the special fiber Y of X is a reduced divisor with normal crossings on X.
Let j and i be as follows:
Let n be a non negative integer and r a positive integer. In this section, we study the p-adic Tate twist T r (n) (cf. [16, p.537, Definition 4.2.4] ). In order to study it, the p-adic vanishing cycle M n r := i * R n j * µ ⊗n p r plays important roles.
Review on the structure of the p-adic vanishing cycle
Let the notations be same as above. We define theétale sheaf K M n,X K /Y on Y as
where J denotes the subsheaf which is generated by local sections of the form
for some 1 ≤ i < j ≤ n. By [2, (1.2) ], there is a natural map
and we define the filtrations U * and V * on the p-adic vanishing cycle M n r using this map (16) , as follows: DEFINITION 3.1. (1) Let π be a prime element of B. Let U 0 X K be the full sheaf ι * j * O × X K . For q ≥ 1, let U q X K be theétale subsheaf of ι * j * O × X K which is generated by local sections of the form 1 + π q · a with a ∈ ι * O X . We define the subsheaf U q K M n,X K /Y as the part which is generated by U q X K ⊗ {ι * j * O} ⊗n−1 .
(2) We define the subsheaf U q M n r (q ≥ 0) of M n r as the image of U q K M n,X K /Y under the map (16) . We define the subsheaf V q M n r (q ≥ 0) of M n r as the part which is generated by U q+1 M n r and the image of U p K M n−1,X K /Y ⊗ π under the map (16).
Then we give a brief review of the structure of M n r . For q ≥ 0, gr q U/V M n r := U q M n r /V q M n r and gr q V /U M n r := V q M n r /U q+1 M n r are expressed by using subsheaves of the modified differential modules ω * Y as follows: Let the notations be same as above. Then
(1) The map (16) is surjective, that is, the subsheaf U 0 M n r is the full sheaf M n r for any n ≥ 0 and r > 0.
(2) Let e be the absolute ramification index of K, and let r = 1. Then for q with 1 ≤ q < e ′ := pe/(p − 1), there are isomorphisms
We define theétale subsheaf FM n r as the part which is generated by U 1 M n r and the image of (ι * O × X ) ⊗n under the map (16 
Here for a section x ∈ ι * O × X ,x denotes its residue class in O × Y .
Regidity
LEMMA 3.4. Let A be the henselization of a local ring of a normal crossing variety over a field of characteristic p > 0. Then 
